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1.  Introduction and main result
The theory of regularity has been a central line of research 

in elliptic PDE since the mid-20th century. Regularity is a 
topic of the mathematical study of partial differential equa-
tions PDE about the integrability and differentiability of 
weak solutions. It is often difficult to construct a classical 
solution satisfying the PDE in regular sense. Its goal is to 
determine whether all solutions of smooth elliptic variational 
PDEs are smooth.

In this paper we deal with local regularity results and 
derive interior a priori estimates in the generalized local 
mixed Morrey spaces { }0

, ( )x n
pM Rϕ  and generalized mixed 

Morrey spaces , ( )n
pM Rφ  for the strong solutions of the uni-

formly elliptic system

( ) ( ) ( ) ( )
2

, :
b

L x D u A x D u x f xα
α

α =

= =∑

where the principal coefficients Aα are functions with vanish-
ing mean oscillation (VMO). In [1-4] a Calderon-Zygmund 
type theory in the framework of the classical Morrey spaces 
Lp, λ has been developed for linear and quasi-linear elliptic 
and parabolic systems with VMO principal coefficients. On 
the other hand, in the recent years an exhaustive Calderon-
Zygmund theory has been elaborated both for elliptic and 
parabolic equations/systems in divergence form with VMO-
coefficients in the framework of the various types of Morrey 
spaces (cf. [3, 4, 5-15]). Last generalizations of the spaces 
allows finer control on the local oscillation properties of a 
function near its singular points and that is why regularity 
results in generalized Morrey spaces Mp, φ of solutions to 
PDEs with discontinuous coefficients are of great impor-
tance in the applications to differential geometry, stochas-
tic control, nonlinear optimization, adaptive discontinuous 
Galerkin FEMs, etc.

Guliyev [16], Mizuhara and Nakai [17-19] introduced 
generalized Morrey spaces Mp, φ independently (see, also 
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A B S T R A C T

We consider the 2b-order linear elliptic systems

( ) ( ) ( ) ( )
2

, :
b

L x D u A x D u x f xα
α

α =

= =∑

 in the generalized local mixed Morrey spaces { }0
, ( )x n

pM Rϕ  and generalized mixed Morrey spaces , ( )n
pM Rϕ , where the principal 

coefficients Aα are functions with vanishing mean oscillation. We obtain local regularity results for the strong solutions to L(x, D) 
in the spaces { }0

, ( )x n
pM Rϕ  and , ( )n

pM Rϕ . Solutions to the linear elliptic systems with discontinuous coefficients are used in many 
practical applications. However, theoretical understanding of the solutions to these equations is incomplete. We can apply this local 
regularity results in generalized local mixed Morrey spaces to study the regularity in generalized local mixed Morrey spaces of of 
the Navier-Stokes equations. Solutions to the Navier-Stokes equations are used in many practical applications. However, theoret-
ical understanding of the solutions to these equations is incomplete. In particular, solutions of the Navier-Stokes equations often 
include turbulence, which remains one of the greatest unsolved problems in physics, despite its immense importance in science and 
engineering. The possibilities nowadays to exploit supercomputers and highly developed numerical methods for nonlinear partial 
differential equations allow us to determine even the general solutions to the Navier-Stokes equations. However the difficulties 
become greater with increasing Reynolds number. This has to do with the particular structure of the solutions at high Reynolds 
numbers. Note that in the limiting case of high Reynolds numbers, most of these exact solutions have a boundary-layer character.
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[16, 20]). In general, Garcia-Cuerva and Herrero [21] and 
Guliyev [17] also introduced independently (see also [22]) 
the local Morrey spaces. Note that, in [17] Guliyev intro-
duced the local Morrey-type spaces including the gener-
alized local Morrey spaces and studied integral operators 
in these spaces. In 2019, Nogayama [23] considered a new 
Morrey space, with the Lp norm replaced by the mixed 
Lebesgue norm ( )n

pL R , which is call mixed Morrey spaces.
For x∈Rn and r > 0 let B(x, r) denote the open ball cen-

tered at x of radius r. Let Ω ⊂ Rn, n ≥ 3 be a bounded 
domain, we denote by |Ω| the Lebesgue measure of Ω and 
Ω(x, r) = Ω ∩ B(x, r). { }1 1:n nS Rξ ξ− = ∈ =  is the unit sphere in 
Rn. We first recall the definition of mixed Lebesgue space 
defined in [24]. Let the letter p  denote n‑tuples of the num-
bers in (0, ∞], n ≥ 1, ( ) (1 2 0, ,, ,

n
np p p p = ∈ ∞



, 1 p≤ < ∞
  means 

1 ≤ pi
 < ∞ for each i. For 1 p≤ < ∞



, we denote ( )1 ,, np p p′ ′ ′=




, 
where ip′  satisfies 1 1 1/ /i ip p′+ = . The mixed Lebesgue norm

pL
⋅



 or 
( )1 , ,p pnL

⋅


 is defined by

( )

( )

1

3

2 2

11

1

1 2 1 2

, ,

, , , ,

p p pn

n

L L

p p
p p
pp

n n
R R R

f f

f x x x dx dx dx

≡ =

 
     =         

 

∫ ∫ ∫





  

where f : Rn → R is a measurable function. If pj
 = ∞ for some 

j = 1,..., n, then we have to make appropriate modifications. 
We define the mixed Lebesgue space ( ) ( )1, , n

n
p p pL R L=



 to be 
the set of all f∈L0 (Rn) with 

pL
f < ∞



, where L0 (Rn) denotes the 
set of measureable functions on Rn.

In the following we give the definitions of the general-
ized local mixed Morrey space { }0

, ( )x
pM ϕ Ω  and the generalized 

mixed Morrey space , ( )pM ϕ Ω , and their weak versions.
Definition 1.1. ([16, 25]) Let x0∈Ω, 1 p≤ < ∞



 and 
φ : Ω × (0, ∞) → (0, ∞) be a measurable function, where Ω ⊂ Rn , 
n ≥ 3 is a bounded domain. We denote by { }0

, ( )x
pM ϕ Ω  and 

, ( )pM ϕ Ω  the generalized local mixed Morrey space, the gen-
eralized mixed Morrey space respectively, the spaces of all 
functions ( )pf L∈ Ω  with finite norms

{ } ( ) ( ) ( ) ( )( )
1

0
0

1 1
1

0 0
0, ,

sup , ,
n

i i
x

pp

n p
M L x r

r
f x r B x r f

ϕ
ϕ =

−−

Ω Ω
>

∑=




and

( ) ( ) ( ) ( )( )
1

1 1
1

0
0, ,

,
sup , ,

n

i i

p p

n p
M L x r

x r
f x r B x r f

ϕ
ϕ =

−−

Ω Ω
∈Ω >

∑=




respectively, where ( )( , )pL x rΩ -norm is given by

( )( ) ( )
( )

1

,
,

.
p

p
p

L x r
x r

f f y dy
Ω

Ω

 
 =
 
 
∫

Further, { } ( )0
,
x

pWM ϕ Ω  and ( ),pWM ϕ Ω  are the weak local 
generalized mixed Morrey space and weak generalized 
Morrey space respectively of all functions f∈WLp(Ω) for 
which,

{ } ( ) ( ) ( ) ( )( )
1

0
0

1 1
1

0 0
0, ,

sup , ,
n

i i
x

p p

n p
WM WL x r

r
f x r B x r f

ϕ
ϕ =

−−

Ω Ω
>

∑= < ∞

and

( ) ( ) ( ) ( )( )
1

1 1
1

0
, ,

,
sup , ,

n

i i
p p

n p
WM L x r

x r
f x r B x r f

ϕ
ϕ =

−−

Ω Ω
∈Ω >

∑= < ∞

respectively, where WLp(Ω(x, r))-norm is given by 

( )( ) ( ) ( ){ } 1

0

/

,
sup , : .

p

p

WL x r
t

f t y x r f y t
Ω

>
= ⋅ ∈Ω >

For ( )1 , , : m
mu u u R= Ω→  we write

 

22
j

j m
u u

≤

= ∑ . For any 

function f and any domain D with f : D → R we write 

( ) ( ) ( )1
,

, .
p

pp p
D p D L D

D D

f f y dy f f f y dy
D

= = =∫ ∫

Definition 1.2. ([14]) The generalized local mixed Sobolev-
Morrey space 02 , ( )

, ( )b x
pWM ϕ Ω  and generalized mixed Sobolev-

Morrey space 2
, ( )b

pWM ϕ Ω  consists of all functions ( )pu L∈ Ω  
with generalized derivatives 2, ,D u bα α ≤  belonging to 

0( )
, ( )x

pM ϕ Ω  and , ( )pM ϕ Ω , and endowed with the norm

{ } ( ) { } ( )2 0 0

2

0
,

, ,
b x x

p p

b

W Ms s

u D u
ϕ φ

α

α
Ω Ω

= =

= ∑∑




and

( ) ( )2

2

0, ,
,b

p p

b

W Ms s

u D u
ϕ φ

α

α
Ω Ω

= =

= ∑∑




respectively.
For ( ; )m

pu L R∈ Ω

 we write 
,p

u
Ω



 instead of  
( ); mLp R

u
Ω



. 

Analogously, 
{ }02

1
,

,( , , ) ( ; )b x m
m pu u u WM Rϕ= ∈ Ω  and 

2
1 ,( , , ) ( ; )b m

m pu u u WM Rϕ= ∈ Ω

  means 02 , ( )
, ( )b x

k pu W ϕ∈ Ω  and 
2
, ( )b

k pu W ϕ∈ Ω , and the norm
 ( )2 0,( )

, ;b x m
pWM R

u
φ Ω  

and
 ( )2

, ;b m
pWM R

u
φ Ω  

is
 

given by { } ( )2 0

1
,

,
b x

p

m

k W
k

u
φ Ω

=
∑



 and 
( )2

1 ,
b

p

m

k WM
k

u
φ Ω

=
∑



, respectively.

We will use also a localized version { }02 ,
, , ( ; )b x m

p locW Rϕ Ω  
and 2

, , ( ; )b m
p locW Rϕ Ω  of { }02 ,

, ( ; )b x m
pW Rϕ Ω  and 2

, ( ; )b m
pW Rϕ Ω , 

respectively, consisting of all functions u that belong to 
{ }02 ,

, ( ; )b x m
pu W Rϕ ′∈ Ω  and 2

, ( ; )b m
pu W Rϕ ′∈ Ω  for each Ω’ ⊂ Ω.

Remark 1.1. (1) If 1
1

( , )
n

i i

n
n px r r

λ

ϕ =

− ∑
=

 
with 0 < λ < n, then  

{ }00( )
, ,( ) ( )xx

p pM Lϕ λΩ = Ω   is the local mixed Morrey space,
 

, ,( ) ( )p pM Lϕ λΩ = Ω   is the mixed Morrey space and { } { }0 0
, ,( ) ( )x x

p pWM WLϕ λΩ = Ω   is the weak local mixed Morrey space, 
, ,( ) ( )p pWM WLϕ λΩ = Ω   is the weak mixed Morrey space.

(2) If  1
1 1

( , ) ( , )
n

i in px r B x rϕ =
− ∑= , then { }0

, ,( ) ( )x
p pM Mϕ ϕΩ = Ω = 

, ( )n
pL Rλ=   is the mixed Lebesgue space and { }0

, ( )x
pWM ϕ Ω =

, ( ) ( )p pWM WLϕ= Ω = Ω   is the weak mixed Lebesgue space.

(3) It is clear that if 
1

1

( , )
n

i i

n
n px r r

λ

ϕ =

− ∑
=  with 0 < λ < n, then  

,pM ϕ  gives rise to the classical Morrey space ,pL λ , while 

1,p pL L≡   and 2
1,
b

pW  reduces to the classical parabolic  Sobolev  
space 2b

pW  (cf. [4]) when 1.ϕ ≡
We give our main result in the following.
Theorem 1.1. Assume that (3.4) is provided and

{ } ( ) ( ).jkA a VMO Lα α
∞= ∈ Ω ∩ Ω  Let { }02

0
,

,, ( ; )b x m
p locx u W R∈Ω ∈ Ω  be 

a strong solution to (3.1) with 1( , ).p∈ ∞  Let { }0
, ( ; )x m

pf M Rϕ∈ Ω  
such that W is satisfy (2.3). Then { }02 ,

, , ( ; )b x m
p locu W Rϕ∈ Ω  and

(1.1){ } ( ) { } ( ) { } ( )2 0 0 0,
, , ,,b x x xm

p p pW R M M
u C f u

ϕ ϕ ϕ′ ′′Ω Ω Ω

 ≤ + 
   

for all ′ ′′Ω ⊂ Ω ⊂ Ω , where the constant C depends on n, p , 
m, b, 

;
, ,Aαω

∞ Ω
 the VMO-moduli Aα

γ  of the coefficients and 
on ( , )dist ′ ′′Ω ∂Ω .
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Corollary 1.1. Assume that (3.4) is provided and 
{ } ( ) ( ).jkA a VMO Lα α

∞= ∈ Ω ∩ Ω  Let 2
, ( ; )b m

p locu W R∈ Ω  be a strong 
solution to (3.1) with 1( , ).p∈ ∞  Let , ( ; )m

pf M Rϕ∈ Ω  such that 
ω is satisfy (2.4). Then 2

, , ( ; )b m
p locu W Rϕ∈ Ω  and

( ) ( ) ( )( )2
, ,, ;b m

p ppW R M M
u C f u

ϕ ϕϕ ′ ′′Ω Ω Ω
≤ +

 



for all ′ ′′Ω ⊂ Ω ⊂ Ω , where the constant C depends on n, p , 
m, b, 

;
, ,Aαω

∞ Ω
 the VMO-moduli Aα

γ  of the coefficients and 
on ( , )dist ′ ′′Ω ∂Ω .

From Corollary 1.1 it is easy to obtain the following result.
Corollary 1.2. Assume that (3.4) is provided and 

{ } ( ) ( ).jkA a VMO Lα α
∞= ∈ Ω ∩ Ω  Let 2

, ( ; )b m
p locu W R∈ Ω  be a strong 

solution to (3.1) with p∈(1, ∞). Let , ( ; )m
pf M Rϕ∈ Ω  such that 

ω is satisfy (2.2). Then 2
, , ( ; )b m

p locu W Rϕ∈ Ω  and

( ) ( ) ( )( )2
, ,, ;b m

p ppW R W M
u C f u

ϕ ϕϕ ′ ′′Ω Ω Ω
≤ +

 



for all ′ ′′Ω ⊂ Ω ⊂ Ω , where the constant C depends on n, p , 
m, b, 

;
, ,Aαω

∞ Ω
 the VMO-moduli Aα

γ  of the coefficients and 
on ( , )dist ′ ′′Ω ∂Ω .

Remark 1.2. Corollary 1.2 was proved in [14]. Note that 
condition (2.4) in Corollary 2.1 is weaker than condition (2.2) 
in Proposition 2.2. Indeed, if condition (2.2) holds, then

( )
( )

( )

1

1

1

1 1
1 1

0

inf ,
ln ln , ,

, ,

n

i i

n

i i

p

t s
r r

p

ess x s st t dtdt x t
r r t

t
r

ϕ
ϕ

=

=

∞ ∞
< <∞

+

∑
   
+ ≤ +   

∑   

∈ ∞

∫ ∫

so condition (2.4) holds.
On the other hand  the  function

( ) 1
1

1

11 0, sin max , ,
n

i i
n

p

i i

x r r
r p

β πϕ β=
−

=

∑   
= < <  

  
∑

satisfy condition (2.4) in the case r∈(0, 1), ( ) 1
1

0inf ,
n

i ip

r s
ess x s sϕ =

< <∞

∑
=  

and,

( ) ( )

( )
( ) ( )

1

1
1

1

11 1

0 1
1

1

0
~

,inf ,
ln

,

, , , ,

n

i i

n
n

i ii i

p

t s
r pp

o if ress x s st dt
r r if rt

x r r

β

ϕ

ϕ

=

=
=

∞
< <∞

−
+

∑
 ∈

  + ≈  ∑∑   ∈ ∞
< ∈ ∞

∫

but do not satisfy condition (2.2).

2. Preliminaries
Mixed Lebesgue spaces are widely used in the study 

of partial differential equations. It was shown that mixed 
Lebesgue spaces share similar properties with the ordinary 
Lebesgue spaces. Many classical operators are bounded on 
these spaces. The following analogue of the Holder’s inequal-
ity for ( )pL Ω  is well  known  (see, for example, [26]).

Theorem 2.1. Let Ω ⊂ Rn be a measurable set, 1 p≤ ≤ ∞
  

and 1 1 1
p p
+ =

′ 

. Then for any ( )pf L∈ Ω  and ( )pg L ′∈ Ω , the
 

following inequality is valid

( ) ( ) ( ) ( )
.

p pL L
f x g x dx f g

′Ω ΩΩ
≤∫  

The following property is valid.

Lemma 2.1. Let 0 p< < ∞
  and B be a balls  in Rn. Then

1
1 1

.
n

i i
p p

n p
B BL WL

Bχ χ =∑= =
 

From Theorem 2.1 and Lemma 2.1 we get the following 
estimate.

Lemma 2.2. For 1 p≤ < ∞
  and for the balls B = B(x, r) the 

following inequality is valid:

( ) ( )
1

1 1

.
n

i i
p

n p
L BB

f y dy B f= ′∑≤∫ 

The following lemma shows the Lebesgue differential 
theorem in mixed norm Lebesgue spaces as follows.

Lemma 2.3. [26, Lemma 2.4]  Let 1 ( )loc nf L R∈  and 0 p< < ∞
 ,  

then

( ) ( )( ) ( )
1

0 , ,
lim

pp
B x r L B x rr L

f f xχ
−

→
=





 a.e. x ∈ Rn.

Definition 2.1. Let ( )0( , ) : \{ }n nK x R R Rξ × →  be a varia-
ble Calderon-Zygmund kernel, i.e. :

1. for each fixed x ∈ Rn, K(x) is a Calderon-Zygmund  ker-
nel

(a) ( )0( ; ) \{ }nK x C R∞⋅ ∈  

(b)
 

0( ; ) ( , ),nK x K xµξ µ ξ µ−= ∀ >

(c) ( ) ( )
1 1

0; , ,
n nS S

K x d K x dξ ξξ σ ξ σ
− −

= < ∞∫ ∫ ;

2. for every multi-index 1

: sup ( ; ) ( )
nS

D K x Cβ
ξ

ξ

β ξ β
−∈

≤
 inde-

pendently of x, where Sn–1 is the unit sphere in Rn.
Given a function f∈L1(Ω), define the singular integral 

operator
( ) ( ) ( ): . . ;

nR

T f x p K x x y f y dyν= −∫
and its commutator with multiplication by a function  
a∈L∞ (Rn) as

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

, : . . ;

( ) .
nR

C a f x p v K x x y a y a x f y dy

T af x a x Tf x

   = − −   

= −

∫

In [27] the authors show boundedness of the maximal 
operator in Lp,λ (Rn) that allows them to prove continuity 
of fractional and classical Calderon-Zygmund operators in 
Morrey spaces. Thus the boundedness of the singular inte-
grals implies regularity of the solutions in the corresponding 
spaces. In [18] Mizuhara studied the boundedness in gen-
eralized Morrey spaces Mp,φ (Rn) of some classical integral 
operators. Nakai later extends the results of Chiarenza and 
Frasca in Mp,φ (Rn) by imposing certain integral and doubling 
conditions on φ (see [19]). Taking a weight ω (x, r) = φ (x  r)rn 
the conditions of Mizuhara-Nakai become

(2.1)
   

( ) ( ) ( )
( )

1 0 2
, ,

, , ,
,r

x s x t
ds C x r C C r t r

s x r
ϕ ϕ

ϕ
ϕ

∞ −≤ ≤ ≤ ∀ < ≤ ≤∫
where the constants do not depend on t, r and x∈Rn.

In a series of papers, Guliyev studied the continuity in 
generalized Morrey spaces of sublinear operators generated 
by various integral operators, such as Calderon-Zygmund, 
Riesz, etc. (see [16, 17]). Later this result is extended on 
spaces with weaker condition on the weight pair (φ1, φ2) 
(see [28]). For more recent results on boundedness and 
continuity of singular integral operators in generalized 
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Morrey and new function spaces and their applications in 
the differential equations theory, see [3-6, 12-14, 25] and the 
references there in.

Proposition 2.1. Let 1 p≤ < ∞
  and (φ1, φ2) satisfy the con-

dition

( ) ( )1
2

,
,

r

x t
dt C x r

t
ϕ

ϕ
∞

≤∫
where C does not depend on x and r. Then the Calderon-
Zygmund integral operators T are bounded from 

1, ( )n
pM Rϕ  

to 
2, ( )n

pM Rϕ  for p > 1 and from M1,φ1 (Rn) to the weak space 
WM1,φ1 (Rn).

Proposition 2.2. Let 1 p< < ∞
 , a∈BMO, φ be a weight sat-

isfying: there exist positive constant C > 1 such that

( ) ( )1
,

ln , ,
r

x ss ds C x r
r s

ϕ
φ

∞ 
+ ≤ 

 
∫

(2.2)
( )
( )

1 0 2
,

,
,

x t
C C r t r

x r
ϕ
ϕ

− ≤ ≤ ∀ < ≤ ≤

where  the constants do not depend on t, r and x∈Ω.
Then there exists a positive constant ( , , )C C p Kϕ=

  such 
that

( ) ( ), ,p pM M
Tf C f

ϕ ϕΩ Ω
≤

 

and

( ) ( ),,
, .

pp MM
C a f C a f

ϕϕ ∗ ΩΩ
  ≤  



In addition, if a∈VMO, then for each ε > 1 there exists  
r0

 = r0
 (ε, γa) > 0 such that for any r∈ (0, r0) and any ball Br the 

following inequality holds:

( ) ( ),,
,

pp r MM B
C a f C f

ϕϕ
ε

Ω
  ≤  



The Lp and Mp,φ -boundedness of the operators T and 
C [a, ⋅] have been obtained in [11, 29] and [12, 16, 17], respec-
tively. For the sake of completeness, we summarize  these  
results  here.

Proposition 2.3. Let x0
 ∈ Ω, 1 p< < ∞

 , a∈BMO, φ be 
a weight satisfying

(2.3)
( )

( )
1

1

0

0
1

1
inf ,

ln ,

n

i ip

t s
nr
p

ess x s st dt C x r
r

t

ϕ
ϕ

=

∞
< <∞

+

∑
 
+ ≤ 

 
∫

where C does not depend on r. Then there exists a positive 
constant C = C(p, φ, K) such that

{ } ( ) { } ( )0 0
, ,
x x

p pM M
Tf C f

ϕ ϕΩ Ω
≤

 

and

{ } ( ) { } ( )00
,,

, .xx
pp MM

C a f C a f
ϕϕ

∗ ΩΩ
  ≤ 





In addition, if a∈VMO, then for each ε > 0 there exists  
r0

 = r0
 (ε, γa) > 0 such that for any r∈ (0, r0) and Br any ball  the 

following inequality holds:

{ } ( ) { } ( )00
,,

, .xx
prp MM B

C a f C f
ϕϕ

ε
Ω

  ≤ 




Corollary 2.1. Let 1 p< < ∞
 , a∈BMO, φ be a weight sat-

isfying

(2.4)
( )

( )
1

1

1
1

inf ,
ln ,

n

i ip

t s
nr
p

ess x s st dt C x r
r

t

ϕ
ϕ

=

∞
< <∞

+

∑
 
+ ≤ 

 
∫

where C does not depend on x and r. Then there exists a pos-
itive constant C = C(p, φ, K) such that

( ) ( ), ,p pM M
Tf C f

ϕ ϕΩ Ω
≤

 

and

( ) ( ),,
, .

pp MM
C a f C a f

ϕϕ ∗ ΩΩ
  ≤  



In addition, if a∈VMO, then for each ε > 0 there exists  
r0

 = r0
 (ε, γa) > 0 such that for any r∈ (0, r0) and any ball Br the 

following inequality holds:

( ) ( ),,
, .

pp r MM B
C a f C f

ϕϕ
ε

Ω
  ≤  



3. Proof of the Main Result
Definition 3.1.  ([14])  For 1 ( )n

loca L R∈  and any r > 0 set

( ) ( )1
,

: sup ,
r

r r

a B
B r R r B

R a y a dy
B

γ
≤

= −∫

where Br is any ball in Rn. We say that a∈BMO, if 
( )

0
sup a
R

a Rγ
∗

>
= < ∞  and a∈VMO with -modulus γa if a∈BMO 

and ( )
0

0lim aR
Rγ

→
= .

We deal with the operators with discontinuous coeffi-
cients jkaα  belonging to the Sarason function class  VMO. 
Let Mm×m be the set of m × m-matrices. For a matrix-valued 
function A∈Mm×m with entries ajk∈VMO we define the VMO-

modulus of A as
 1,

jk

m

A a
j k

γ γ
=

= ∑ .

After this 1: ,mu R mΩ→ ≥ , stands for the unknown 
function, 1( , , ) : m

mf f f R= Ω→  is a given vector-valued 
function and the coefficient matrix Aα(x)∈Mm×m has entries 

1,{ } ,  :jk jkm
j ka a Rα α= Ω→ , which are measurable functions. Fixed 

an integer  b ≥ 1, we deal with the 2b-order  linear system

(3.1)
       

( ) ( ) ( ) ( )
2

, : . . ,
b

L x D u A x D u x f x a e inα
α

α =

= = Ω∑

that is equivalent to the system of differential equations

(3.2)
      

( ) ( )
1 12

1, , , , .
m m

jk jk j
k k

k kb

a D u l x D u f x j mα
α

α= ==

= = =∑ ∑ ∑ 

The entries ljk (x, D) of the matrix differential operator 
L (x, D) are homogeneous polynomials of degree 2b, that is,

(3.3)
        

( ) ( ) 1 2
1 2

2

, : , , : njk jk n
n

b

l x a x Rα α α α α
α

α

ξ ξ ξ ξ ξ ξ ξ
=

= ∈ =∑ 

That is the characteristic determinant of ( , )x ξL  is 
non-vanishing for a.e. x ∈ Ω  and all ξ ≠ 0 elliptic, in other 
words, the operator ( , )x DL  is uniformly elliptic. Due to the 
homogeneity of ljk this condition can be written as

(3.4)( ) 2

2

0 : det
bm

b

A x α
α

α

δ ξ δ ξ
=

  ∃ > ≥ 
  
∑

for almost all x ∈ Ω and all ξ ∈ Rn 

Let’s take into consideration 

( ) ( )0 0 0
2

, : ,  .
b

x D A x D xα
α

α =

= ∈Ω∑L

Then the 2bm-order differential operator

(3.5)
        

( ) ( ) ( )0 0 0
2 1,

, : det , det
m

jk

b j k

L x D x D a x Dα
α

α =
=

  = =  
  
∑L
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is elliptic as it follows from (3.4), and let ( )0 ;x x yΓ −  be its 
fundamental solution. If the space dimension n is odd, then

(3.6)( ) 2
0 0; ;

bm n x yx x y x y P x
x y

−  −
Γ − = −   − 


with P(x0; ξ) being a real analytic function of ξ ∈ Sn–1. If n 
is even, it is enough to introduce a fictitious new variable 
xn+1 and extend all functions as constants with respect to 
it (see [30]). Let { }0 1,

( , )
m

jk j k
L x ξ

=
 be the cofactor matrix of

 { }0 1,
( , ) .

mjk

j k
l x ξ

=
 Then Ljk (x0, D) are differential operators of

 
order up to 2b(m - 1)  or identically zero. Since

(3.7)( ) ( ) ( )0 0 0
1

, , ,
m

ik
jk ij

k
l x L x L xξ ξ δ ξ

=

=∑

with the Kronecker symbol δij , the fundamental matrix of 
L(x0, D) is given by

( ) ( ){ } ( ) ( ){ }0 0 0 0 11 ,,
; ; , ;

m mjk
kj j kj k

x x x x L x D x x
==

Γ = Γ = Γ

Let Br
 ⊂ Ω be such that 0 0, ( )r rx B C Bν ∞∈ ∈  and let us write

( ) ( ) ( ) ( )( ) ( ) ( ) ( )0 0, , , , .x D x x D x D x x D xν ν ν= − +L L L L

Using the standard approach [10, 11, 30] we obtain an 
explicit representation formula for ν via Newtonian potentials

( ) ( ) ( )
( ) ( ) ( )( ) ( )

0

0 0

;

; , , .
r

r

B

B

x x x y y dy

x x y x D y D y dy

ν ν

ν

= Γ − +

+ Γ − −

∫
∫

L

L L

Taking the α-derivatives with |α|= 2b and then unfreez-
ing the coefficients putting x0

 = x we get

( ) ( ) ( )

( ) ( ) ( )( ) ( )

( ) ( )

( )( ) ( ) ( ) ( )
1

2

2

. . ;

. . ;

;

: , ,

r

r

s

n

B

b B

s y

S

b

D x p v D x x y y dy

p D x x y A x A y D y dy

D x y d v x

T x C A D x x x

α α

α α
α α

α

β

α
α α α β

α

ν ν

ν ν

υ σ

ν ν ν

−

′
′ ′

=

′
′

=

= Γ − +

+ Γ − − +

+ Γ =

 = + + 

∫

∑ ∫

∫

∑

L

L

L L Q

where the derivatives ( , )DαΓ ⋅ ⋅  and ( , )
s

Dβ Γ ⋅ ⋅  are taken with 
respect to the second variable, the multi-indices βs are given 
by

( )1 1 1 2 1, , , , , , ,s s
s s s n bβ α α α α α β− += = − 

and ν = (ν1, ... νn) is the outer normal to Sn–1. Let us note that 
Tα are Calderon-Zygmund  type singular integral operators, 
Cα are commutators of Tα with VMO functions, and Qβ are 
bounded integrals (cf. [3, 10, 11]).

The proof of our main result is based on some real anal-
ysis results on the boundedness of Calderon-Zygmund type 
singular integral operators and their commutators obtained 
in [12, 16, 17]. In order to estimate the semi norms  we need 
the following  interpolation inequality which follows from 
[3, 12].

Lemma 3.1. There is a constant C, independent of r, such 
that
 

( )2 02/s b s b s

Cε
ε −

Θ ≤ Θ + Θ
 
for each ε∈(0, 2),

where ( ) ( ) ( )0
0 1

1
,

sup .x
p r

s s
s M B

r D u
θϕθ

θ θ
< <

 Θ = − 


Proof. Let θ0∈(0, 2) be such that

( ) ( ) ( )0
0

0 02 1
,

.x
p r

ss s
s M B

r D u
θϕ

θ θ Θ ≤ − 


By interpolation and scaling arguments we obtain

{ } ( ) { } ( ) { } ( )00 0
00 0

2 2

,, ,
xx x

p rp pr r

s b s b
s M BM B M B

CD u D u u
θϕθ θϕ ϕ

δ
δ

− ′
≤ +



 

for δ∈(0, r) and hence

( ) { } ( )

( )
{ } ( )

0
0

0
0

2 2
0 0

0 0

2 1

2 1

,

,
.

x
p r

x
p r

s b s b
s M B

s

s M B

r D u

C r
u

θϕ

θϕ

θ θ δ

θ θ

δ

− Θ ≤ − + 

 ′ − +





The assertion follows choosing 
1

2
0 0 02 1( / ) ( )b s r rδ ε θ θ θ−  = − <   for any ε∈(0, 2).

In the following we give the proof of our main result.
Proof of Theorem 1.1. Let us fix an arbitrary x0∈supp u 

and let 0( , )rB B x r≡ ⊂⊂ Ω . If we take ( ) ( )02
0 0

,
, ( , )b x
pW B x rν ∈   

(the closure of ( )0 0( , )C B x r∞  with respect to the norm in 
( ) ( )02

0
, ( , )b x

pW B x r  with supp ν ⊂ B(x0, r), then (3.9), Proposi-
tion 2.1 and Aα∈BMO(Ω) imply that for each ε > 0 there exists 

0 0( , )Ar r αε γ=  such that

{ } ( ) { } ( ) { } ( )00 0

2 2

,, ,
xx x

rpr rp p

b b
M BM B M B

D C D
ϕϕ ϕ

ν ν ε ν ≤ + 
 

 

L

when ever r < r0. If we choose ε small enough, then we obtain

(3.11){ } ( ) { } ( )00

2

,,

.xx
rprp

b
M BM B

D C
ϕϕ

ν ν≤




L

Let 0 1 3 2 0( , ), ( ) /θ θ θ θ′∈ = − >  and define the cut-off 
function 0 ( )rC B∞  such that

( ) ( )
( )

0

0

1

0
r

r

x B x
x

x B x
θ

θ

ϕ
′

 ∈= 
∉

Since 1 2( ) / ,θ θ θ θ′ − = −  direct calculations give

( ) ( )1 1 2 2, , , , .
ssD C s r s bϕ θ θ ≤ − ∀ =  

Setting ν = φu in  (3.11)  we obtain

{ } ( ) { } ( ) { } ( )
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{ } ( )
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{ } ( )

( )

00 0

0 0

0

2 2

2
2 1

2
1 1 1

,, ,

, ,

,

xx x
rpr rp p

x x
r rp p

x
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b b
M BM B M B

b s
b M B M B

s bM B
s

D u D v C v

D u u
C f

r r

θϕθ θϕ ϕ

θ θϕ ϕ

θϕ θ θ θ θ
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′ ′

′

−
−

=

≤ ≤ ≤

 ≤ + + 
     − −   

∑



 

 



L

Because of the choice of θ′  we have 1 2 1( ) ( )θ θ θ θ′ ′− ≤ −  
that implies
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00

2 22
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.
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rprp
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b s s
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r D u C r f

r D u u

θϕθϕ

θϕθϕ

θ θ θ θ

θ θ
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−

=

   ′ ′− ≤ − +   

 ′ ′+ − +   
∑









Setting ( ) { } ( )0
0 1

1
,

sup x
rp

s s
s M B

r D u
θϕθ

θ θ
< <

 Θ = − 


 we can rewrite 
(3.12) as

(3.13){ } ( )0

2 1
2

2 0
1,

x
p r

b
b

b sM B
s

C r f
θϕ

−

=

 
Θ ≤ + Θ + Θ 

 
∑



Choosing suitable ε∈(0, 2), and applying (3.10) we get

{ } ( )0
2

2 0
,
x

rp

b
b M B

C r f
ϕ

 Θ ≤ + Θ 
 

In Lemma 3.1 fixing θ = 1/2  at the semi norm Θs we obtain 
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the following Caccioppoli-type estimate:

(3.14){ } ( ) { } ( ) { } ( )0 00
2

2 2

, ,/,

.x xx
rp prp

b b
M M BM B

D u C f r u
ϕ ϕϕ

−

Ω

 ≤ + 
  



Then the estimate (1.1) follows now by means of standard 
covering arguments with balls Br/2 for ( , )r dist ′ ′′< Ω ∂Ω  and 
partition of unity over Ω’ subordinated to this covering. Thus 
the proof of the theorem is completed.

Conclusions
In this paper, we study the boundedness of the singular integral operators T and their commutators C[a, f] 

with b∈BMO on generalized local mixed Morrey spaces { }0
, ( )x

pM ϕ Ω  and generalized mixed Morrey spaces 
, ( )pM ϕ Ω . We obtain local regularity results for the strong solutions to 2b-order linear elliptic systems L(x, D) in 

the generalized local mixed Morrey spaces { }0
, ( )x

pM ϕ Ω  and generalized mixed Morrey spaces , ( )pM ϕ Ω . Solutions 
to the linear elliptic systems with discontinuous coefficients are used in many practical applications. However, 
theoretical understanding of the solutions to these equations is incomplete.  We can apply this local regularity 
results in generalized local mixed Morrey spaces to study the regularity in generalized local mixed Morrey 
spaces of of the Navier-Stokes equations.
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