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ABSTRACT

The article presents a numerical method for solving the direct and inverse problems of the gas-lift process of oil production
described by one-dimensional Navier-Stokes equations for compressible gas. To solve the direct problem, a family of difference
schemes was developed and an analysis of the correctness of the difference problem was carried out depending on the parameter.
The solution of the inverse problem is reduced to an optimal control problem, where the target functional is formed using an
additional condition. To minimize the target functional, the gradient method is used, and its gradient is calculated by solving
the conjugate problem. The conjugate problem contains important information about the solution of the direct problem and is
based on the Lagrange identity and the condition of equality to zero of the integral terms. A feature of the conjugate problem is
its retrospective nature, since the additional condition on the volumetric gas flow rate and pressure is specified at a certain point
in time. The iteration method determines the initial conditions for the volumetric gas flow rate and pressure through the solution
of the conjugate retrospective problem. The conducted computational experiment confirmed that the proposed algorithm can be
used to determine the initial values of the volumetric gas flow rate and pressure with high accuracy under a given additional
condition. The developed method also allows plotting the performance curve of the gas lift process.
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Introduction

Gas lift is an oil production method [1-8] in which gas is
injected into the annulus of a well to reduce the density of the
gas-liquid mixture (GLM) and facilitate its rise to the surface.
This process occurs in two main areas:

e Annulus: the space between the well wall and the

tubing where the gas moves.

e Lift: the inner tube through which the oil, gas and

water mixture rises to the wellhead.

The model proposed in [9] describes the movement of
gas and gas-liquid mixture in these zones using a system
of hyperbolic equations with partial derivatives [10]. These
equations take into account the pressure P and the volumetric
flow rate of the injected gas Q as the main parameters influ-
encing the transportation of the mixture.

This [11] paper presents a mathematical method for
optimizing oil production from wells using a gas lift system.
The objective of the paper is to determine the cost-effective
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level of oil production and reduce production costs by min-
imizing the consumption of gas used to lift the oil [12-16].
To do this, well performance data was collected and used
in the PIPESIM modeling application. Based on this data,
performance curves for each well were constructed. Next, a
nonlinear multi-criteria programming model was developed
to optimize oil production.

In the work [17] the study of the method of optimization
and distribution of gas lift for increasing oil recovery by
genetic algorithm is considered.

In works [18-20] a mathematical model based on Darcy’s
law is used. This is a very simple equation in the right part
of which is the force of gravity, the force of friction and
acceleration.

The pressure is replaced by the gas density according
to the equation of state, and the density of the mixture is
considered as a linear combination of the gas and liquid
densities [21].

Later, the authors of the work [18] used genetic algo-
rithms to solve the problem of maximizing oil production.
The rate of liquid production from a production well is illus-
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trated by a combination of the inflow productivity (IPR) [22]
and the vertical lift productivity (VLP).

In [23], the gas lift performance curve (GLPC) is constuct-
ed for the given wells as a result of the experiment. Using
this curve, the effect of gas injection rate on the liquid flow
rate can be estimated. This allows the gas injection rate to be
determined to achieve the desired performance. Studying
GLPC allows the optimum gas injection rate to be found.

In [24], GLPC was obtained from field data by measuring
gas injection rate and liquid production rate. The measured
data were interpolated to obtain GLPC. From field data,
GLPC was constructed using the least squares method as a
quadratic polynomial function.

In [25], a new function is proposed to improve the previous
GLPC quadratic polynomial by adding a logarithmic term.

In the work of Sukarno P. et al. [26] an exponential func-
tion for fitting GLPC from field data is proposed. However,
exponential GLPC only describes gas injection well.

Researchers S. Guet and G. Oams [19, 20, 27] used a piece-
wise linear function to fit GLPC to field data, which has good
application prospects.

All these works used semi-empirical approaches to study
the performance curve of the gas lift process.

Today, a common method for solving inverse problems
of mathematical physics is to reduce them to optimal control
problems [28-30]. One of the current problems of modern
optimal control is the control of the behavior of objects, the
change of which is described using partial differential equa-
tions [31,32]. The goal of control is to transfer the studied
object from one known state to another by influencing some
of its parameters. Such tasks were first formulated in the
works of J. L. Lions [33, 34].

The right side of an equation or system of equations can
be used as a control function. The works of V.I. Agashkov
[35] are devoted to solving such problems using the method
of conjugate equations.

Many works consider boundary controls, i.e. control by
means of boundary conditions. The works of V.I.Ilyin and
E.I. Moiseev [36] are devoted to the study of boundary con-
trol problems for the equation of string oscillations, in which
control functions were obtained in explicit form that transfer
the string from a given initial state to a given final state in a
certain time. In this case, various types of boundary controls
were considered.

In the work of G. 1. Marchuk [37] the concept of conjugate
operators and equations is given and their possible applica-
tions in mathematical modeling and computational mathe-
matics are noted. The properties of conjugate operators have
been studied quite fully for linear operators in Hilbert and
Banach spaces and are reflected in many monographs.

In the work [38] a method of fictitious regions with the
idea of conjugate optimization is proposed, which allows
constructing a homogeneous difference scheme [39, 40] in the
entire extended region. In this case, a reasonable continuation
of the coefficients of the main equation leads to the conver-
gence of the solution of the problem in the original region to
the desired solution, which is confirmed by mathematically
proven statements and the results of numerical calculations.
To minimize the Lagrange functional, a conjugate gradient
method was used, which allows finding an effective optimal
solution by iterative refinement. In this case, it is necessary to
calculate the gradient of the Lagrange functional, which leads

to the formulation of the conjugate problem. The formulation
of the conjugate problem is given, and the calculation of the
gradient of the functional, which depends on the solution of
the conjugate problem, is described. Based on the numerical
results of the work, conclusions are made that the use of the
gradient method, the conjugate problem and the method of
fictitious regions are an effective approach for solving com-
plex optimization problems with constraints. In this paper,
the method is first developed for the Burgers equation. An
auxiliary and conjugate problem for the Burgers equation is
formulated. An iterative algorithm for an approximate solu-
tion of the auxiliary problem is developed. An estimate of the
conditional stability of the conjugate problem is obtained by
the method of energy inequalities. A theorem on the estimate
of conditional stability is proved. The efficiency of using such
a modification is shown on a model problem. This method
is very convenient in terms of programming automation.
Further, the proposed algorithm is developed to solve the
Navier-Stokes equation.

In the article by A.V. Arguchintsev, V.P.Poplevko [41]
the problem of optimal control of a system of semilinear
hyperbolic equations is considered, in which the boundary
conditions are determined from a system of ordinary dif-
ferential equations with delay. The problem of modeling
the dynamics of non-interacting populations is considered,
taking into account the age distribution of individuals. The
goal of the control problem may be to achieve specified popu-
lation densities at the final time. For this problem, a non-clas-
sical necessary optimality condition is obtained, which is
based on the use of a special control variation that ensures
the smoothness of control functions. A method for improving
admissible controls is proposed.

The work [42] considers the development of methods for
solving optimal control problems [43] in the class of smooth
control actions, taking into account such constraints on con-
trols that are characteristic of inverse problems of mathemat-
ical physics.

The numerical implementation of the method is carried
out for a system of first-order hyperbolic equations of the
linearized theory of «shallow water». It is assumed that at the
final moment of time the wave profile is known. The inverse
problem is interpreted as a problem of minimizing a quad-
ratic functional. Then the «shallow water» model is reduced
to an invariant form. For the numerical solution, a difference
scheme of the method of characteristics is used.

Inverse problems of various types are encountered in
everyday life. The works [44, 45] are devoted to the study of
the application of numerical methods to solving problems
related to acoustic equations, with a special emphasis on
problems of significant practical importance both in the field
of medical imaging and in theoretical acoustics.

In the work of Temirbekov N.M. [46], the Bubnov-
Galerkin projection method was used to solve the Fredholm
integral equation of the first kind, where Legendre wave-
lets [47] were used as basis functions. In the Galerkin meth-
od, the expansion was carried out using these bases, which
led to a system of linear algebraic equations for calculating
the coefficients. The resulting system was solved by the
conjugate gradient method.

The paper [48] examines methods for determining annu-
lar pressure during gas lift production. The authors analyze
various approaches to calculating annular pressure at a given
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depth, which is critical for the efficient design of gas lift sys-
tems. Particular attention is paid to comparing theoretical
models with field data, and practical recommendations for
the application of these methods in real operating conditions
are discussed.

[49] presents a closed-loop iterative gas lift well optimiza-
tion workflow developed and implemented by ExxonMobil
on over 1300 wells in the Perm Basin. Using machine learning
and artificial intelligence techniques, the system automati-
cally runs multiple tests at varying flow rates, analyzes the
results, and remotely implements changes to the settings to
optimize well performance.

In [50], the authors conduct a comparative analysis of
high-pressure gas lift (HPGL) and electric submersible pumps
(ESP) in the operation of unconventional wells in the Wolfcamp
formation. The study covers operational, economic and pro-
duction aspects of the application of both technologies.

The article [51] considers the application of robust model
predictive control (MPC) to optimize gas distribution in gas
lift systems. The work takes into account the uncertainties
and limitations of production facilities, which makes the
approach particularly relevant for real field conditions.
Modifying the constraints within the MPC framework allows
achieving stability and control efficiency in the presence of
changing production conditions and resource constraints.

The article [52] considers the problems of optimal gas dis-
tribution between several wells in offshore platform condi-
tions. A complex model of gas lift production is used, taking
into account the interactions between wells and restrictions
on the total gas lift resource. The authors apply numeri-
cal optimization methods and propose an algorithm that
increases the efficiency of production. The work is relevant
for integrated optimization problems and is an example of
the application of modern computational approaches in real
industrial conditions.

The article [53] proposes a methodology for determining
the optimal paraffin removal interval in gas-lift wells. The
work combines data analysis, mathematical modeling, and
empirical criteria to predict paraffin accumulation and the
moment of intervention. This topic has practical significance
for maintaining stable well operation and improving produc-
tion efficiency in fields with a high tendency to deposits.

The article [54] examines the main technological and
management problems that arise during the operation of gas
lift systems and analyzes existing approaches to their optimi-
zation. Particular attention is paid to methods for improving
production efficiency, including the selection of the optimal
gas injection mode and the integration of intelligent technol-
ogies. The work is a valuable review for researchers and engi-
neers working in the field of automation and management of
oil production.

In the work [55] the authors present the application of an
adaptive gradient-free optimization method (Mesh Adaptive
Direct Search, MADS) to solve the problem of optimal gas
lift. The study is conducted under conditions of integrated
modeling of fields, wells and ground facilities. This method
allows taking into account the complex interaction of all
elements of the production system and demonstrates high
efficiency under conditions of uncertainty and nonlinearity
of the problem. The work is of interest both from the point of
view of numerical methods and practical implementation in
the oil and gas industry.
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1. Statement of the direct problem

The mathematical model of the operation of a gas lift well
is described by the following system of Navier-Stokes equa-
tions for compressible gas [9]

2
@:—i.@, t20,xe(0;21), (1)
ot F ox
0Q = op
—~=-F.—-2a-Q, t=0,xe(02]), 2
ot ox Q ( ) @

where

C:{cl, xe(O;l) F—{Fl' xe(O;l)

c,, xe(l;2l)/ |E, xe(l;ZI)'

{al, xe(0;1)

“= a,, X€ (l;ZI)

initial conditions

P(0,1)=P"(x), Q(0,)=Q"(x) ®)
and boundary conditions
P(t,0)=P(t), Q(t0)=Q,(t) at x=0, 4)
P(t,1+0)=P(t,1-0)+ P, (t),Q(t,1+0) =
=Q(t1-0)+Q.(t) at x=I, (5)

Here, is time, x is the coordinate along the well depth,
P is the pressure, Q is the volumetric gas flow rate, F is the
cross-sectional area of the well, c is the speed of sound in the
liquid, a is the coefficient, Q.. is the volumetric gas flow rate
in the reservoir, P, is the reservoir pressure, P°(x) is the initial
gas pressure distribution, Q°(x) is the initial volumetric flow
rate of the injected gas, [ is the well depth.

In the direct problem, it is necessary to find P(t,x) and
Q(t, x) given the functions P°(x), Q°(x), Po(t), Qu(t), Pres(t), Qres(t).

Equation (1) is the continuity equation, and (2) is the
equation of gas motion.

2. Study of approximation and stability of
a family of difference schemes
Let us consider an explicit difference scheme for problem

M-6)

n+l n 2 n n
Pi _Pi :_Cj_Qi _Qi—l (6)
T F h

Q;Hl _Q” —211'Q;H1 (7)

initial conditions

P'=P'(x), Q'=Q'(x), i=0, N, ®)

and boundary conditions respectively
P/ =D(t), Q=Q(t), i=01..N, )
Py =P, +Pu, Qi =0Q4 +Qu (10)

2 2 2 2

We will consider the implicit scheme for the equations in
the form

P =P~y -(Q"-Ql), (1)

Q' =[Q -7 (B -]/ (14 202), (1)
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where )

7c r-F
h

71:1*:.111 n=

From this it is clear that the count can be started from the
point i=1, j=0. Then

P =P’ -7-(Q-Qi),
Q! =[ @0 -7l =)/ (1+ 207)

We multiply equation (14) by — 1 and sum it with the first
one, we get

(13)

(14)

P =P+ 0o, N pi_ N2 p
7-Q- 1+ 21 Qo 1+2ar °
From here we find P/
p':ix
1+ 2ar -y,
P+ o AVE TN 15
{ 7oQ 1+21Ql 1+2ar (15)

Substituting P! into (14) we determine Q; .
Knowing P!, Q!, we can calculate all values of P/, Q/
up to some j=jo, then, setting i=2, find P/, Q} for 0<j<j, etc.

In general, to determine P/ 1 we obtain

o 1+2ar
‘ 1+ 2ar -y,
x| P4y QL L g - ST piy (16)
1+ 2ar 1+ 2ar

Combining the explicit (6), (7) and purely implicit scheme
(11), (12), we consider a family of schemes defined on a four-
point template

2

P+ = (O' Q"”+(1 O')Q ):O, 17)
+F(o P+ (1-0) P +2aQ ") = (18)
xew, tew,
with initial conditions
P(O/xi):Po(xi)/ Q(lei):QO(xi)/ (19)
X; € @y,
and boundary conditions
P(t,0)=Pi(t;), Q(£,0)=Qu(t), tica,  (20)
P(tj,xmjzp{tj,lej+Res, (21)
2 2
Q[tj/xmj_Q(tjlle]+Qres/ (22)
2 2

Scheme (6), (7) and (11), (12) belong to this family and
correspond to 0=0 and 0=1, respectively.

Let us calculate the residual for this system of difference
equations

2

P"+%(o- Q'+ (1-0)Q2), (23)

vi=Q+F(o- R +(1-o) +20Q8")  @4)

We use the Taylor series expansion

(I)lnﬂ Rn)

Substituting these expansions into we obtain

that 4

8t
(2.t

Let us expand the functions P and Q with respect to the

variable x:
Y (o) ,
ohma h(al 2[ale+o(h)

Now let’s find the backward difference derivative:

(25)
Similarly

(26)

n 2 2
Q -Qh _ @ h 0 Q +O(h2) (27)
h ox ), 2 o )
Similarly, we have
n_ pn n 2 2 n
F-BL () K0P +0(1) (28)
h ox ), 2\ox )

Substituting (25)-(28) into (23) and (24), we get
oP ”*’+
V= 6i i
+Cz{a.[(69j [wJ +o(hz)}
F17 e ), 2l )
oY n(eQ)" ) :
*“‘C’)Hxl 4[28] o ﬁ}w(r ) e
Ay sz )
ox ), ox’
oPY"' w(eP\" . o,
+(1_0)[[6xl _2[6x2ji +O(h )1+

+zaQ;“”} + o(rz)

(30)

For the convenience of further calculations for the resid-
uals 11, P, we set

2
=1, F=1

< 31
7 (31)
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n+l n n+l 1 1 1
Q Q) (op 1
o 2 o 2 ) 2 acl
Let us expand the terms (6}(1 , [axl, [axj,. , %:(sj _O-(a?j _(1_0.), _{ Qj —2aQ 7 |+

i i i

(ij in the Taylor series in t in the neighborhood of the
X

1
i 82P n+z (I—O')I’l azp n+l1
point t=t . +0.57+(20 - 1)(6x6tj — (6}(2} _
2 i i
! "3 & _(i=o)h .(aZP]n 1= 0)240" % + O[22 4 12
S S P oo
ox ), ox ), oxot ). |

n+—
From this it is clear that the terms containing (apj : ,
i

! nil
aQ n - 6Q n+5 aZQ 2 s ,,+l ot
[6}(1 ) (5361 B O'ST{axat " O(T )' (33) (8QJ * are cancelled out and it turns out that

‘ ot ),

P\ (oPY A oV oh (2Q)"

— | =|—]| +05 +0(7? 34 - _ _on. _
(6961 (596)i T[axatl ) oy vi=05r(20 1)[8x8t]_ 2 {&CZJ

| i (1-o)h [aZQ]" .
n o 2p \'"2 - . +O0(7z°+h"), (38)

kY _[oP) 2 5[ 0P +0(z) (35) 2 o), ( )

ox ). ox ), oxot .

nt= n+l
Then from (29)-(30), taking into account assumption (31), v, =0.50 ( - 1) 0P ) 2 _oh P B (1 - O')h y
we obtain oxot 2 | ox? 2

i i

2

ap ' n+l n+% 2 2
x[aleua(l—a){g -Q }4—0(1 +h ) (39)

1 1 1
n+— n+— 2 ’HE
Y, = o 2+G' Q 2+0.5r 79 +
ot ). ox ). oxot ). . . .
! ! i Next, we expand the second derivatives in a Taylor series
h( 80 il 50 L in t in the neighborhood of the point t =t |
) ) 2 1l+5
O(r )_2(69(2 1 +O(h )1+(1—o-). [63{1 | )
. TN _[2Q) " o(r)
62Q n+5 h 62Q n axz ) axz v 7
-0.5¢ +0(e*)-=| £ | +0(1) |, (36) ' Y
Oxot ; 2( ox ; 62Q n 62Q n+E
[69(2 ] :[6x2]. +O(T)'
. . | i i l
n+— n+— 2 ”*2 n+l n+—
Y, = RV o [P 7 vos 22| 7y or) [P 2JrO(T)
ot ), Ox ), oxot . ox | ox | ’
h 621-7 n+l aP n+% aZP n 62P "Jr%
Pl il 2 o)l = _ = +0(7 40
w0() 2(@}(2} voln )%(1 o) (aJ [a] [a] (c) (40)
1 ael
:p\"2 2pY’ Let us assume that Q"' =Q; > +0(z%).
—0.57| 2P +o(r2)—E Q +O(h2)+2aQ§”‘ (37) o ( ‘
oxot ). 2 ox” ), Taking into account (40), from (38) and (39) we obtain
From the basic equations (1), (2) we have 2 "% 2 "%
wl=o.57(2a—1)[aQJ —o.Sh.[a ?j +0(7> +1?),
X

1 1
@ n+3__ @ n+3
ox ), ot )

1 el
W, = 0.5r(2a—1)[§;§t} ’ —O.Sh(Z;IZJ : +0(z* + 1)

1 1
@ YI+E o @ n+5 - zaQy’+%
ox ), ot . ' From the system of equations (1), (2) we have that
We substitute these expressions into (37) and obtain ’Q P QP 5 aQ
=— , =— —20—=
el ol Wl ox* otox”  oxot o’ ox
v, = op 2—0'- op 2—(1—0')- or 2+ Let’s consider
ot ), ot ), ot ),
1 1
1 n+— n+—
n+— n+ 62Q 2 521) 2
2Q\" oh (2Q)" v, +w =051(2a—1)[ j —OSh-[ j +
+0.5(20 -1 -2 - 1+, =0 - 2
( ° )[axat]’ 2 [axz i Oxot ; ox ;
1 1
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Because

it it el
0P Q) 2 Q) 2
| =- -2a =| ,
ox . oxot . ox ),
azQ u+% azp n+%
)
we get that

! 1
2 ”‘*‘E n+§
‘//='//|+l//2=0.5T(20‘T—r+h)-(an —ah-[aQ] +

oxot Ox

i

+O.5T(20'Z' -7 +h) [ o°P j ’ +O(r2 +h2)

oxot ).
From this it is clear that the scheme with weights has the
second order of approximation

1//=O(rz+h2)
If
1 h
L M
o 2 or Oy (41)

and for o#0, — first order, Y=0(z+h).
Thus, the difference scheme with the weight parameter
1 h
o =572 has the second order of approximation O(z*+h?)
T
and is stable with respect to the initial condition in the ener-
gy norm. In accordance with the Lax theorem, this guaran-
tees the convergence of the scheme and the validity of the
obtained numerical results.

2.1. Stability with respect to initial data

Let us now show that the scheme of the family of
schemes with weights (23)-(29) is stable with respect to the
initial data at

For proof we use the method of energy inequalities.

u +ovi’ +(1-o)vi =0, (42)
We can consider the sum w=u+v
w} +ow!! +(1-o)wi =0 (43)

On the segment 0<x<1 we introduce the grid @, ={x;=ih,
i=0.1,...,N, N,=1}
The scalar product and the norm are defined as follows:

N
(vz]=Y oy zh  y=(y.z]
i=1
Considering that
yn+1 — O.S(yrwl + yr1)+ O'S(yrwl _yn)’
y' = O.S(y’”l + y”) - O.S(y"“ - y”),

and assuming y = w;..
Let us rewrite the scheme (43) in the following form

w, + J(O.S(w;” + wg) +0.51 ~w§,)+ 0.5%
x(l - o-)[(w%” + wg) - rw;} =0,

w) +(o=0.5)7-wl +0.5(w)" +w]) =0 (44)

Let’s multiply this equation by 2rwy, = Z(wg” - w?)

200] - + 27 (0~ 0.5)(wh )+ (w2) —(w2) =0
we transform the first term as follows
20/ -, = () + h(wh)
Then
e (wh) o he(wh ) +27 (o~ 0.5) i)+ (")~ (i) =0
if you combine the second and third terms, you get
o (wd) e he(wh) 27 (o= 0.5) (k) () = (wt) =0
We multiply by and sum over all grid nodes x,=il,
i=0,1,...,N, and obtain

2 2

ri(wf)y,ih +20*((0 - 0.5)7 +0.5h) - |},

i=1

2 n+l
+[wit =

n
Wy

we write out the difference derivative with respect to x in the
first term, then

ri[(w;’)f — (@) |+ 27((0 - 0.5)r +0.5h)x

n 2 n+l 2 n 2
Jeon [ + ot [ = et

We expand the sum, reduce the terms and get

ri[(w;')fV (@) |+ 27((0 = 0.5)r +0.5/)x

2 2

2
+1
x‘w;’t +‘w§

wy
here w;, =w,(t,0)=0, since w,(t,0)=0.

Finally we obtain the identity

7@}y +22((0 - 0.5)7 +0.5h) Jwr [ + o[ =t 5)
From identity (45) it is clear that if
(6-05)r+051>0
that is O'=l—£=Uo, then
2 2t
i <t w0

This inequality proves that scheme (43) is stable with
respect to the initial data in the energy norm

el =]

Wx

3. Statement of the inverse problem
To formulate the inverse problem to (1)-(5), the following
additional conditions are set

P(T,x)=P'(x),Q(T,x)=Q'(x) at t=T
for pressure and volumetric flow rate of gas.
In the inverse problem, it is necessary to find P°(x) and
Q°(x) from equation (1)-(2), condition (4)-(5) and additional
conditions (47).

(47)

4. Statement of the variational problem

One of the fairly common methods for solving inverse
problems of mathematical physics is to reduce the problem
(1), (2), (4), (5), (47) to an optimal control problem.
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It is necessary to minimize the objective functional:

1(P',Q°)= 2I[P(T,x;PO(x))— Pl(x)de+

I[ (TxQ)-Q

We minimize the functional (48) using the gradient iter-
ative method

Pl =P -a-J(P), Ql=Q-aJ(Q)

where a is the iteration parameter, n is the iteration number.
The first variation of the objective functional (48)

Ss1(P°,Q")=J(P°+5P°,Q" +6Q°)- (P, Q") =

= T[P(T,x;PO + 5P°) - P (x)}2 dx +
0

)]2 dx —>min (48)

(49)

+T[Q(T’X;QO + 5Q0) -Q' (X)T dx —

I[ (TxPO) ' )J dx — I[Q(T,x;QO)—Q'(x)de,
Because
P(T x,-P"+5P")=P(T ~P°)+§P(T,x;6P°),
Q(T,xQ" +6Q")=Q(T,x;,Q")+5Q(T,x6Q"),

we have

5(P',Q")= TéP(T,x;&PO)-Z[P(T,x;PO)— P' (x)]dx+

+]‘I§Q(T/x;§Q0).2|:Q(T,X;QO)—QI (x)}dx

On the other hand, by the definition of the Frechet deriv-
ative

6](P°,Q°)=<]’P°,5P°>+<]’Q°,5Q°> (50)
Let’s introduce the notation
Q=Q(txQ"+5Q") P=P(tx;P°+5P°),
Q=Q(txQ"), P=P(t,x;P"), 6Q=Q-Q, 6P=P-P
Let us consider the problem perturbed to (1)-(5)
oh__¢ 0 -
ot [ ox’
% =-F. % ~2a-Q, (52)
initial conditions
P(0,x)=P°(x)+6P°(x), Q(0,x)=Q°(x)+5Q"(x) (53)
and boundary conditions
P(t,0)=Py(t), Q(£0)=0Qy(t), (54)
P(t,1+0)=P(t,1-0)+P,.(t),
Q(t,1+0)=Q(t,1-0)+Q,.(t) (55)

To obtain the problem for the disturbances 6P(T,x; SP°)
and 5Q(T,x;5Q°) from problem (51)-(55) we subtract prob-
lem (1)-(5) due to the linearity of the equation we have

osP__¢ 05Q

ot F ox’ (56)

110

00Q 0oP

= :—f-g—mzﬁQ, (57)
the initial conditions will take the form
5P(0,x)=5P", 5Q(0,x)=6Q" (58)
and boundary conditions
5P(t,0)=0, 5Q(t,0)=0 (59)
SP(t,1+0)=5P(t,1-0), 5Q(t1+0)=5Q(t,1-0)  (60)

We multiply (56) by the still unknown function P*(t,x),
(57) by Q*(t,x) and integrate over ¢ from 0 to T, over x from
0 to 21 and sum. As a result, the expression identically equal
to zero

f asP ¢ 86Q
o ' F o

(AsP,P")+(B5Q,Q")= j j = iz } P dxdt +

21

+_E ﬂaag +F- —+2a 5Q} -Qdxdt =0,

2
where AP—a—P C—@ Q——Q F—+2aQ
ot F o’ ox
We integrate this expression by parts

(AsP,P")+(B5Q,Q") =
{[513 P _J-§P dt}d CJ-|:5Q PR _I(;Q dx}dH

+£[§Q.Q’* [ J.&Qdet}dx+FJ.[§P~Q* P! !§P~E§dx}dt+
+2aj fag thdx——]. Zf{

_j J{ ot %
(T,

F aQ }dedt -
ox

C 2050 } SQdxdt +

+£[5P(T,x)

%f[ag-p‘ lh+6Q P ' ]dt +
0

x)=5P(0,x)- P (0,x) Jdx +
+T[5Q T,x) 'Q*(T,x)—5Q(O,x)~Q*(O,x)de+

+F}[5P-Q‘ b +oP-Q ' ]at.

0

(AsP,P")+(BsQ,Q) :} zj[+ - }5dedt—

'Tf ].[FQ % 6P—2a~Q*}§dedt+
[

+E{150(1-0)- ' (11-0)-60(1.0) P (1,0)+
+5Q0t21) (£,21)=5Q(£,1+0)- P" (£,1+0) |dx +

T,x)-56Q"-Q(0,x) |dx +

"(£,1-0)-5P(£,0)-Q"(£,0)+

(t 21)=5P(t,1+0)-Q" (t,1+0)]dt.  (61)
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In the last expression (61), the terms outside the double
integral with the factors 6P(t,0) and 6Q(t,0) are equal to zero,
according to conditions (59). Due to the fulfillment of the
matching condition (60) and the required additional condi-
tion at x=I (at the coalface)

P'(t,1-0)=P"(t,1+0), Q (£1-0)=Q (t1+0) (62)
it turns out that

5Q(t,1-0)-P(t,1-0)=06Q(t,1+0)-P"(t,1+0),  (63)

SP(t,1-0)-Q"(t,1-

From physical considerations, we assume that at the well-
head, the perturbations of pressure 6P(t,2]) and volumetric
gas flow rate 0Q(t,2]) are negligibly small. Now the terms
contained under the integral over x remain.

0)=6P(t,1+0)-Q (£,1+0)  (64)

2f&P(T,x) -P"(T,x)dx +T5Q(T,x).Q* (T,x)dx -

—j5P° Oxdx+j5Q -Q'(0,x)dx =0

Let us introduce the notation of the operators

AP =2_4F. ==
ot ox BQ F

The fulfillment of this equality leads to the following
lemma.

Lemma 1 Let P°, P+6P° e Qu, Q° Q+06Q° e Q. be elements
belonging to the domain of possible solutions. If P(f, x; P°(x)),
Q(t, x; Q(x)) is a solution to problem (1)-(5) and the Lagrange
integral identity is satisfied

(AP,P")+(BQ,Q")=(P,AP")+(Q B Q)

then it takes place

o 7.9 aQ . ai 2-Q° (65)

[5P(T,x)- P (T x)dx +]5Q(T, )0 (T, )dx =

=Zjap°.p‘(o,x)dx +2j§Q° -Q(0,x)dx (66)

Condition (66), taking into account the boundary condi-
tions (58), the first variation of the functional 6J(P°, Q% and
the definition of the Frechet derivative (50), will take the form

<5P(T,x),2[P(T,x,~ P")-p' (x)]> +
+<5Q(T,x),2[Q(T,x;Q°)— Q' (x)]> -
=(1P",8P")+(1'Q",6Q") (67)
These conditions follow from the requirements of fulfill-

ing the Lagrange identity.

5. Statement of the conjugate problem

The fulfillment of the Lagrange identity, the requirement
that all non-integral terms be equal to zero, and the condi-
tions of Lemma 1 lead to the following conjugate problem

Ly o

~ +HE—=0, (68)
QX -
St =200 =0, (69)
P"(t,0)=0,Q"(t,0)=0, (70)

P'(T,x)=2[ P(T,x;P")-P'],
Q (1,x)=2[Q(T,xQ")-Q'] (71)
The above calculations of the solution of the variational
problem prove the following theorem.
Theorem 1 (on the convergence of the gradient method in

the gas lift problem).
Let the functional

][PO,QOJ—ll[P(T,x;PO)—PI(x)deJr
I[ (rQ")-Q' ()]

be defined on a convex and bounded set of admissible values
P’,Q"eG,, < W;(0,21)

be continuous and convex on G. Then the sequence {P!, Qy},
constructed using the iterative gradient method, satisfies the
relations:

limJ[ P}, Q! ]= .,

n—>o

lim || [ P}, Q. JlI=0
and there is a constant C>0 such that:
C
o<|][BQ]-J]<=
n

Here J. is the minimal value of the functional, and the gra-
dients J'[P°], J'[Q"] are calculated using the formulas:

R

-P"(0,x),
~Q'(0:)

where P*(0,x) and Q*(0,x) are the solution to the adjoint
problem.

Thus, all the conditions for the convergence of the gradi-
ent method on a convex bounded set in a Hilbert space are
satisfied.

6. Algorithm for solving a variational problem

1. We set the initial approximation P°, Q°.

2. Let's assume that P}, Qb is already known, then we
solve the direct problem:

)
ot F ox

oQ oP
= _-_F.Z -2
ot ox <

P(O,x)—PU(x), Q( (x
P(t,0)=Py(t), P(t,0)=P(t),
P(t,1+0) =P, (t,1-0)+D,(t),
Q(t1+0)=Q,(t,1-0)+Q,.(t) (72)

3. Calculate the approximate value of the functional using
the quadrature formula

J(P).Q))= I[P(T,x;Pf) P (x) [+

J[ (TxQh)-

4. If the current value of the norm of the functional
J(P,, Qp) is not small enough, then we solve the conjugate
problem:

, t20,xe(0,21),
t>0,xe

(0,21),
O,x) =Q’
t,0)=P,

7

Q'(x )T dx (73)
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P = Q

oF Q¢ P
ot ax o F ox
P'(£,0)=0,Q"(1,0)=0, P'(T,x)=2[P(T,x;P")-P']
Q' (T,x)=2[Q(T.%Q")-Q']
5. From the solution P, Q" of the conjugate problem (74)
for P and Q we determine the gradient of the functional

J'(,)==P"(0,x),

J'(Q.)=-Q (0,x)

6. The following approximations of the initial conditions
for P(0,x) and Q(0, x) are found using the formulas

P (x)=P(x)-a-J'(P,),
Qra(x)=Qi(x)~a-J(Q.)

7. Let’s move on to point 3.

+2a-Q =0

(74)

(73)

(76)

7. Numerical implementation of the algorithm for

solving a variational problem

7.1. Difference scheme for solving a direct problem

Let us approximate the direct problem (1)-(5). Let N, be
the number of nodes of the uniform grid on the interval [0, T,
and N, be the number of nodes of the uniform grid on the
interval [0, 2]].

Let us construct in the domain 2,=((0,2[)=(0,T)) a grid
wy, with a step h=2[/N,, t=T/N,, where N,, N, are positive
integers.

Then in the grid w,={x=ih, t=kz, i=0,1,..,N,, k=0,1,..., N}
we write the corresponding difference direct problem. Thus,
problem (1)-(5) has the following form:

Pik+l _Pik _ _i Qlk _sz—l (77)
T F h ’
k+1 _ k _ ‘k _ _k
Qi Qx — —F . Px P14 _ 2 . QX{HII (78)
T h
i=0,1,..,N,, k=0,,..,N,,
initial conditions
P'=rP'(x;), Q' =Q"(x)), i=0,1,..,N,, (79)
and boundary conditions respectively
Pf=P, Qt=Q, k=0,,..,N, (80)
P{ =P}, +DP., (81)

Qn, = Q&H +Q,.., k=0,1,..,N,
2 2

2 2

7.2. Difference scheme for solving the conjugate
problem

In the same grid domain we write the corresponding dif-
ference conjugate problem. Thus, the difference analogue of
problem (68)-(71) has the following form:

kel _ptk kel ksl
Pi pl + E QI szl — O, (82)
T h

fk+l _ ’fk 2 Pv"k+1 _ Pv“kﬂ .

Qz Qz +ij. i i-1 +2a’Qj k+1 :O/ (83)
T E h

i=0,1,.,N, k=N,,..,10,

B*=0, Qf=0, k=N,,N,-1,..,0, (84)
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i=0,1,..,N, -1

8. Numerical results

Numerical calculations according to the algorithm devel-
oped above were carried out with the initial data from the
work [9]. The volumetric flow rate of the injected gas was cho-
sen to be Q°=0.21 m?/c, and the initial pressure P°=5177500 Pa,
the well depth [=1485 m, the speed of sound in the annular
space c;=331 m/s, the speed of sound in the production well
;=850 m/s. The cross-sectional area of the annular space of
the well F, = zr’ m? the cross-sectional area of the inner well
E =z, m% rn=0.06765 m, r,=0.0365m. Hydraulic resist-
ance in the annulus A,=0.01, hydraulic resistance in the well
A>=0.23. Gas density p;=0.75 kg/m?, oil density p,=700 kg/m?,
acceleration due to gravity =9.8 m/c*.

The average cross-sectional velocity of the mixture in the

ring is w, = Q) m/s, the average cross-sectional velocity of
191 Qu(x)
movement in the well is w, = == m/s.
202

The peculiarity of the problem being solved is that the
coefficients c(x), F(x), a(x) have discontinuities at the point
x=I and the values are large numbers. Therefore, in the cal-
culations, the initial pressure and the initial volume of the
injected gas were specified as linear functions

Q' =Q"+05-(Quu—Q") % /1,
P =P°+0.5: (P —P)-x, /I

where Quu, Pou are the values of the output volume of the
mixture and pressure.

The coefficients c(x;), F(x,), a(x;) have a large spread of
values, therefore, to ensure a stable calculation, they were
normalized as follows

a(x;)=0.5- (’I(xi) +a(xy,)—2- a(xo)) / (a(xNx )— a(xo))
where

& Aoy N2,
2w, 44,
A
+2-2  i=N,/2+1,..N,.
2w, 4d,

The graphs of the functions a(x), c(x), F(x) are shown in
figure 1.

Using the developed algorithm, numerical calculations
were performed in a wide range of input parameters.
Difference schemes were used on grids of 50x50, 100x100
sizes. The iteration parameter a=0.009.

Additional conditions for P'(x), Q'(x) were specified in the
form of parabolic functions

Q'(T,x)=-x"+b,-x+c,,
PI(T,x) =—x’+b,-x+c,,
where

—Q" +4r p. = P — P41
21 n 21
Figures 2 and 3 show the graphs of the function P%(x), Q°(x).
These are the initial data; during the iteration process they will

change depending on the additional conditions P'(x), Q'(x).

_ 0 _ po _Qout
c,=Q", c,=P", b, =
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The graphs of P'(x), Q'(x) are shown in figures 4 and 5.

In the conducted iterative process, the value of the
functional | monotonically decreases and reaches the value
||]|| <¢, £=0.001 at n=164 iterations. The graph of the
decrease in the value of the functional is shown in figure 6.

Numerical calculations show that the iterative process
used to find the pressure value P, and the volumetric gas
flow rate Q, at t=0 converges. The numerical values of the
norm of the functional | monotonically decrease and are lim-
ited, so the calculated values of P, and Q) tend to a para-
bolic function (fig. 7, 8). This is plausible, since the additional
conditions P'(x), Q'(x) we specified are parabolic functions.
Also, figures 9 and 10 show three-dimensional graphs of
P(t,x) and Q(t, x).

Figures 11 and 12 show a comparison of the initial, recon-

structed, and accurate pressure and volumetric flow rate.
This helps to visually evaluate the effectiveness of the inverse
method in the problem of reconstructing the initial conditions
for P(x) and Q°(x).

It is known that the conjugate problem carries valuable
information about the solution of the direct problem. This
property is confirmed by numerical calculations, since the
gradients of the functional for determining the initial condi-
tions of the direct problem at each iteration were chosen as
the solution of the conjugate problem at t=0, i.e.

I(P)=P"(0,x),1'(Q))=Q (0,x)
The numerical calculations performed confirm the effec-

tiveness of the proposed algorithm for modeling the gas lift
process of oil production.
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@ 091 |
E i . 1.025
< i
> 0871 | o 1.020
3 f 2
A < 1015
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= i 1.010
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X X
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Fig. 5. Graph of functions Q*(x) Fig. 6. Graph of decreasing functional |
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Conclusions

This paper reviews engineering models [56, 57] used to study the gas lift performance curve. These models
use Darcy’s law and solve a one-dimensional stationary problem. The results are functions calculated by genet-
ic algorithms that describe the gas lift performance curve. In this paper, non-stationary linear Navier-Stokes
controls of compressible gas are used to describe the gas-lift process of oil production. The input, bottomhole
pressure and volume of the gas-liquid mixture are determined by the method of conjugate equations. The con-
jugate problem contains valuable information about the solution of the direct problem. The wellhead pressure
and volume of the gas-liquid mixture are specified as additional information.

Numerous calculations have been performed in a wide range of input parameters. The compiled program
code in the PYTHON language allows for numerical modeling of the gas lift process and finding the optimal
operating mode. The gradient method used to determine the pressure and volumetric flow rate of gas at the
input converges monotonically.

This research was funded by the Science Committee of the Ministry of Science and Higher Education of the Republic
of Kazakhstan (No. BR 27100483 «Development of predictive exploration technologies for identifying ore-prospective
areas based on data analysis from the unified subsurface user platform «Minerals.gov.kz» using artificial intelligence and
remote sensing methods»)
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