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A B S T R A C T

The research work is devoted to a comprehensive analysis of thermal stresses and deformations arising on the working surface 
of prestressed components operating under critical temperature regimes. During service, these components are subjected to 
a combination of high temperatures, mechanical pressure, and frictional effects, which lead to complex thermo-mechanical 
interactions and non-uniform heat distribution across the contact surface. Such conditions significantly influence the stress–
strain state, potentially causing structural instability, loss of functionality, or premature failure. To investigate these phenom-
ena, mathematical models based on Fourier series expansions and governing differential equations of heat conduction and 
elasticity were developed. These models enable the determination of temperature fields, as well as the calculation of thermal 
stresses and displacements within both zero-order and first-order approximations. The analytical approach provides insight 
into the distribution patterns of stresses and allows the identification of critical zones where maximum thermal loading occurs. 
The practical significance of the study lies in the application of the obtained analytical results to engineering design. Based 
on the developed models, constructive and technological solutions are proposed to minimize the risk of critical stresses and 
excessive deformations on the working surface of prestressed parts. In addition, optimization of normal and contact stresses 
is carried out by defining permissible parameter ranges, taking into account the thermophysical and mechanical properties of 
the material, as well as surface quality indicators such as roughness and hardness. These findings contribute to improving the 
reliability, durability, and operational efficiency of prestressed components under severe thermal conditions.
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1. Introduction
The stress-strain state of the working surface of pre-

stressed components under critical temperature conditions 
is examined. In this section, particular attention is paid to 
the thermal stress-strain behavior of the material when the 
temperature at the working surface reaches a critical value, 
denoted as T*. This critical temperature represents the 
threshold beyond which significant changes in the mechan-
ical properties of the material may occur, including thermal 
softening, phase transformations, or the initiation of micro-
structural damage.

The analysis focuses on the behavior of the prestressed 
part’s surface layer under these extreme thermal conditions. 
The stress-strain state is evaluated to determine the influence 
of elevated temperature on the internal distribution of ther-
mal stresses, as well as on the stability and integrity of the 
component. Understanding the thermo-mechanical response 
at T∗T*T∗ is essential for predicting failure modes, ensuring 

the reliability of the prestressed structure, and designing 
components capable of withstanding transient thermal loads.

By characterizing the stress field at this critical point, it is 
possible to assess the degree of risk associated with thermal 
fatigue, thermal expansion mismatch, and stress concentra-
tion zones that may develop due to steep temperature gra-
dients on the surface. This analysis forms a vital part of the 
overall thermal durability assessment of prestressed mechan-
ical elements operating in high-temperature environments.

2. Main part
Let us now consider the problem of determining thermal 

stresses that develop on the inner surface of prestressed 
components under an overheated regime. In this regime, the 
temperature exceeds normal operational limits, resulting in 
intensified thermal gradients and elevated levels of thermo-
elastic stress within the material. The inner surface of pre-
stressed parts, being in direct contact with high-temperature 
media or subjected to rapid thermal cycling, is particularly 
vulnerable to localized stress concentrations.

Under these conditions, the mismatch between thermal 
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expansion and the constraints imposed by prestressing leads 
to the generation of complex stress fields. These stresses 
may include both radial and tangential components, which 
must be evaluated accurately to predict potential structural 
degradation, such as crack initiation or propagation, plastic 
deformation, or even delamination in layered structures.

The analysis of the overheated regime requires solving the 
thermoelastic equations with boundary conditions reflecting 
the elevated and often non-uniform temperature distribution. 
It is especially important to consider temperature-dependent 
material properties, such as thermal conductivity, modulus 
of elasticity, and the coefficient of thermal expansion, as they 
significantly influence the stress response in this regime.

By quantifying the thermal stresses on the inner surface, 
engineers and researchers can assess the safety margins 
of prestressed components, optimize cooling or insulation 
strategies, and design against catastrophic thermal failure in 
high-temperature applications.

The thermo-stress state of prestressed components can 
be regarded as being in mechanical equilibrium under the 
action of body (volume) forces induced by the non-uniform 
temperature field that develops during operation [1, 2]. In 
practical scenarios, the operation of such components often 
leads to spatial temperature gradients due to external heat-
ing, internal friction, or interaction with high-temperature 
environments. These temperature gradients result in differ-
ential thermal expansion within the material, which in turn 
generates internal stresses even in the absence of external 
mechanical loading.

The equilibrium condition implies that the internal stress 
distribution compensates for these thermally induced body 
forces, ensuring the structural integrity of the component 
under steady or transient thermal loads. This state is gov-
erned by the equations of thermoelasticity, which couple the 
mechanical equilibrium equations with thermal conduction 
equations, taking into account temperature-dependent mate-
rial properties and boundary conditions.

In prestressed systems, this interaction is further compli-
cated by the initial stress field introduced during manufactur-
ing or assembly (e.g., interference fits, thermal shrink fitting). 
Therefore, the total stress state must be evaluated as the super-
position of the initial prestress and the additional thermal 
stresses arising from the operational temperature field (fig. 1).

A thorough understanding of this equilibrium condi-
tion is essential for accurately predicting the development 

of stress concentrations, assessing thermal fatigue life, and 
identifying potential failure mechanisms in prestressed com-
ponents subjected to fluctuating thermal environments [4, 5].

Without a precise grasp the interaction between thermal-
ly induced volume forces and the initial prestress states, it 
becomes challenging to model the true mechanical response 
of the material under service conditions. Such predictive 
capabilities are crucial not only for ensuring the structural 
reliability and long-term durability of components, but 
also for informing design decisions, material selection, and 
the implementation of thermal management strategies in 
high-performance engineering applications.

(1)
1 2 1 2

;    E T E TX Y
x y

α α
µ µ
∂ ∂

= − = −
− ∂ − ∂

Here, α denotes the coefficient of linear thermal expansion, 
which quantifies the material’s tendency to expand or con-
tract in response to changes in temperature. For analytical 
convenience, the geometry of the inner contour of the com-
ponent is assumed to be approximately circular, as indicated 
in expression (1). To simplify the mathematical formulation, a 
transition is made from the general polar coordinate system to 
one aligned with the geometry of the prestressed component.

In this adapted coordinate system, the origin of the con-
centric circles, denoted by (r, θ), is located at the geometric 
center of the inner surface. The inner and outer radii of the 
considered surface are denoted as R0 and R, respectively. 
This allows for a more precise definition of the geometry for 
further analytical derivations.

To account for surface imperfections, certain cases of 
microroughness present on the inner surface of the cylindri-
cal or pipe-like structures are also taken into consideration. 
These micro-irregularities can significantly affect local stress 
concentrations and the overall stress-strain response under 
thermal loading [6].

Let the boundary of the inner contour be denoted as L. We 
now introduce this boundary condition into expression (1) to 
incorporate the geometric and material parameters into the 
formulation of the thermal stress problem. This will enable a 
more accurate representation of the mechanical response of 
the prestressed part under non-uniform temperature distri-
butions and realistic surface conditions.

The boundary conditions of the thermal stress problem 
on the inner surface of the pipe are defined in the following 
form:

σn
 = –p(θ); τnt

 = –fp (θ) – in the contact area
σn

 = 0; τnt
 = 0 – outside the contact area

r = R0 – on the outer part of the pretension details:
vr

 = 0; vθ
 = 0

The solution to the thermal voltage problem based on the 
superposition principle is presented as follows:

(2)( ) ( ) ( ) ( ) ( ) ( ),   ,   u T u T u T
r r r r r rθ θ θ θ θ θσ σ σ σ σ σ τ τ τ= + = + = +

here the first set ( ) ( ) ( );  ;  ,u u u
r rθ θσ σ τ  represents the solution of 

the isothermal elasticity theory problem for boundary con-
ditions (1) – (2), the second set ( ) ( ) ( );  ;  ,T T T

r rθ θσ σ τ  represents 
the solution to the thermal stress problem in the absence of 
external forces and displacements at the internal boundary 
of the prestressed details:

(3)( ) ( )0 0;  ;  u u
r rr θρ σ τ= = =

( ) ( )
00 0;  ;  T T

rv v r Rθ= = =                            (4)

-140

-120

-100

-80

-60

-40

-20

0

20

0.05 0.06 0.07 0.08 0.09 0.10

R
ad

ia
l s

tr
es

s,
 σ
ᵣ(

M
Pa

)

Radius, r (m)

E = 2.1 × 10¹¹ Pa
μ = 0.3
α = 1.2 × 10⁻⁵ °C⁻¹
R₀ = 0.05 m
R = 0.10 m
ΔT = 200 °C

Fig. 1. Radial stress distribution along the thickness 
of the component
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(1) To solve the boundary problem for prestressed com-
ponents, precise knowledge of the temperature distribution 
along the inner surface of these parts is essential. This is 
because the solution to a boundary problem fundamentally 
relies on accurately defining the thermal field, which direct-
ly influences the mechanical behavior of the material, the 
development of thermal stresses, and the overall thermo-
elastic response of the structure. In any structural element, 
particularly in prestressed components, non-uniform tem-
perature distribution can lead to the formation of internal 
stresses and strains, potentially affecting the reliability and 
service life of the part [7-9]. Therefore, accurate determi-
nation of the temperature distribution is a prerequisite for 
correctly defining the boundary conditions. In this context, 
in the work of the authors [14], the required temperature 
distribution on the inner surface has already been deter-
mined either through analytical modeling or experimental 
measurements. This data now serves as the foundational 
input for advancing the mathematical and computational 
analysis of the boundary problem.

The boundary conditions are assumed as follows:
for the zeroth approximation –

(5)( ) ( )0 0
00 0;  ;  rv v r Rθ= = =

(6)( ) ( )0 0
00 0;  ;  r r r Rθσ τ= = =

for a first approximation –

(7)( ) ( )1 1
 ;  ;   r rN T r Rθσ τ= = =

( ) ( )1 1
00 0;  ;   rv v r Rθ= = =                            (8)

For convenience, the «T» index is not used in the stress 
and displacements, and the N and T functions are defined by 
formulas (2).

(2) The solution of the thermal stress problem involves 
addressing the case of a smooth boundary contour. In 
particular, when analyzing temperature-induced stresses 
in prestressed components, it is crucial to consider the 
geometry of the structure to simplify the formulation of 
the boundary conditions and ensure the applicability of 
the analytical methods. To obtain a solution for the thermal 
stress distribution in the wall section of the inner surface of 
prestressed parts (considered per unit height), the approach 
is based on the use of a thermal stress potential function 
related to displacement.

This approach allows for an iterative or approximated 
solution in which the potential function Φ(r, θ) is determined 
for each approximation level. The function Φ represents the 
displacement potential under thermal loading and captures 
the effect of temperature gradients on the internal stress state 
of the material. The methodology follows the theoretical 
framework presented in [3], where detailed mathematical 
derivations and boundary condition formulations are pro-
vided. This approach enables an analytical description of 
the thermal stress field in a cylindrical or axisymmetric coor-
dinate system, which is particularly relevant for hollow or 
ring-like prestressed structures [10-12].

In this problem, the displacement potential in the zeroth 
approximation is determined by the differential equation 
(1). The temperature function t0

 (r, θ) is taken as a Fourier 
series (see formula 2). For the thermostress potential, 
the solution of equation (2) is assumed in the form (3). 
Substituting the functions (4) into the differential equation 

(3), 0 0 1 2( )Φ ( )( , , , )n r n = …  we obtain a second-order inhomoge-
neous ordinary differential equation for the determination 
of the function (fig. 2):

(9)
( ) ( )

( ) ( )
0 02 2

0 0
2 2

1 1
1

n n
n n

d d n F
r drdr r

µ α
µ

Φ Φ +
+ − Φ =

−

We seek a particular solution of equation (9) by the meth-
od of variation of constants-

   (10)

( ) ( )

( )0
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(11) 
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−
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∫

∫

Similarly, 0 0 1 2( )( )( , , ,...)n r nΦ =  an analogous solution is 
obtained for the function:

(12)

( ) ( ) ( )
( ) ( )

00 0 1

0 1

1
1 2

,

Rn n
n nr

rn n
nR

r B d
n

r B d

µ α ρ ρ ρ
µ

ρ ρ ρ

−

− +

+ Φ = +−
+ 

∫

∫
( ) ( ) ( )0

10 20
k kk k

kB A r A r−= +

Using formulas (2), (3) and relations (4), (5) in in the work 
of the authors [14] according to formula (6), the correspond-
ing stresses 0 0 0( ) ( ) ( ) ;  r rθ θσ σ τ− − −  and displacements 0( )

rv−  and 
0( )vθ−  can be calculated.
The obtained stresses and displacements (not explicitly 

given here) do not satisfy the boundary conditions of the 
thermal stress state (7).

Therefore, a second stress-strain state is required.

0 0 0 0 0( ) ( ) ( ) ( ) ( );  ;  ;  ;  r r rv vθ θ θσ σ τ  is required to find —

(13)
            

( ) ( ) ( ) ( )0 0 0 00 00 0( ) ( )  ,   ,  r r r r r r r Rθ θ θσ σ σ τ τ τ− −= + = = + = =

(14)
             

( ) ( ) ( ) ( )0 0 0 00 0
00 0( ) ( ), ,  r r rv v v v v v r Rθ θ θ= + = = + = =

By solving the usual problem of elasticity theory, the fol-
lowing expression is obtained:
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(15)
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 
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 
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 
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(20)( ) ( ) ( ) ( )02 1
0 0 0 1 2,  , , ,gRk k

k RR
a G R R k F d kβ ρ ρ ρ− += − + = …∫

(21)( ) ( ) ( ) ( )02 1
0 0 1 2,        , ,gRk k

k RR
b G R R k B d kβ ρ ρ ρ− += + = …∫

(22)( ) ( ) ( ) ( )02 1
0 1 0 1 2,       , , ,gRk k

k RR
a G R k B d kβ ρ ρ ρ− += + = …∫

(23)( ) ( ) ( ) ( )0 02 1
0 1 1 2,        , ,

Rk k
k kR

b G R k F d kβ ρ ρ ρ− +′′ = − + = …∫

(24)( ) ( ) ( ) ( )0 02 1 0 1 2,      , , ,
Rk k

k RR
a G R R k F d kβ ρ ρ ρ− −= − = …∫

(25)( ) ( ) ( ) ( )0 02 1 1 2,         , ,
Rk k

k RR
b G R R k B d kβ ρ ρ ρ− −= − = …∫

(26)( ) ( ) ( ) ( )0 02 11 0 1 2,        , , ,
Rk k

k RR
a G R k B d kβ ρ ρ ρ− −= − = …∫

(27)( ) ( ) ( ) ( )0 02 11 1 2,         , ,
Rk k

k RR
b G R k F d kβ ρ ρ ρ− −= − − = …∫

1
1

µβ α
µ

+
=

−

(28)
      

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 00 0 0( ) ( ) ( ),   ,   r r r r r rθ θ θ θ θ θσ σ σ σ σ σ τ τ τ= + = + = +

The temperature stresses in the zero approximation of 
prestressed details are determined using the formulas.

In the first approximation, the thermoelastic displacement 
potential is determined by solving the differential equation 
(28). The temperature function t(1) (r, θ) is taken as a Fourier 
series (see formula 16). The solution of equation (14) for the 
thermoelastic potential is given in the form (15). The func-
tions ( )1 ( )n rΦ  and ( )1* ( )n rΦ  are determined as:

(29)

( )

( ) ( ) ( ) ( )0 0

1
0

1 1
0 0

1
1

ln ln
R R

r r
r F d F d

µ α
µ

ρ ρ ρ ρ ρ ρ ρ

+
Φ = ×

−
 × − +  ∫ ∫

(30)

( )

( ) ( ) ( ) ( )0

1

1 11 1

1
1 2n

R rn n n n
n nr R

n

r F d r F d

µ α
µ

ρ ρ ρ ρ ρ ρ− − +

+
Φ = − ×

−
 × +  ∫ ∫

(31)

( )

( ) ( ) ( ) ( )0

1

1 11 1

1
1 2n

R rn n n n
n nr R

n

r B d r B d

µ α
µ

ρ ρ ρ ρ ρ ρ− − +

+
Φ = ×

−
 × +  ∫ ∫

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1
011 21 11 21 11 21, , lnk k k kk k k k

k kF C r C r B A r A r F C C r− −= + = + = +

By repeating the process of solving the problem, we 
first find ( ) ( ) ( )1 1 1,  ,  r rθ θσ σ τ  the stresses and displacements 

( ) ( )1 1,  .rv vθ Then, for this approximation, we find the second 
1 1 1( ) ( ) ( ), , r rθ θσ σ τ  stress-strain state and displacements 1 1( ) ( ), ,rv vθ  

according to the boundary conditions:

1 1 1 1

1 1 1 1

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

,        same as 

,         same as 

r r r r

r r r

N T r R

v v v v r R

θ θ

θ

σ σ τ τ
→

= − = − =

= − = − =

By solving the boundary condition problem (7, 8) using 
the method explained earlier, the temperature stresses and 
displacements are determined to the first approximation.

( )

( )

( )

( )

( )

1

1

1

1

1

r r r

r r r

r r

v v v

v v v

θ θ θ

θ θ θ

θ θ θ

σ σ σ

σ σ σ

τ τ τ

= +

= +

= +

= +

= +
Here,

(32)1 1 1 1 1 1
0

( ) ( ) ( ) ( ) ( ) ( );   ;   r r r rθ θ θσ σ τ= Ω = Ω = Ω

1 1 1( ) ( ) ( ),  ,  and r rθ θΩ Ω Ω  the quantities form the right-hand 
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sides of formulas (32), respectively, and it should be assumed 
here that.
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The presented method allows to determine the tempera-
ture stresses in the part during the operation of prestressed 
parts in the critical thermal state (fig. 3). The total stress com-
ponents are determined by formulas (34).

For the purpose of strength assessment for prestressed 
details, the normal and shear stress r = ρ(θ) are defined (table).

(34)( )
( )

( ) ( )
0

0 10
0 0* |r R

r

Hσσ σ ε θ εσ=
∂

= + +
∂

This is a polar angle. Θ is a function. If the following 
robustness condition is satisfied: 

σmax
 = σ0

and if σ0 is the yield strength of the material of the pre-
stressed parts, then permanent deformations will occur. If σ0 
the brittle strength of the material is, the fulfillment of condi-
tions (7, 8) means a violation of the integrity of the pipe mate-
rial (the formation of surface cracks). During the process, 
these cracks gradually spread into the depth of the material 
[13‑15]. Although they are very thin, they cause the con-
centration of large stresses. The calculations show that due 
to high temperature on the inner surface of the prestressed 
parts, thermal stresses arise that exceed the stresses arising 
from force loads on the working surface. Therefore, at the 

production and design stages, the following conditions must 
be met through constructive and technological solutions

T = T∗,
  σmax

 = σ0
 

As a result, compensation of the inequality allows us to 
determine the ranges of permissible values of the parameters 
of the contact pair details.

Table
Calculated stress values

Radius, 
r (m)

Radial 
stress, 
σr (MPa)

Tangential 
stress, 
σθ (MPa)

Shear 
stress, 
τrθ (MPa) 

0.050 (= R₀) –120.0 –85.4 0.0
0.060 –90.3 –63.7 –5.1
0.070 –60.2 –40.8 –7.6
0.080 –35.6 –22.5 –6.2
0.090 –15.8 –9.6 –2.6

0.100 (= R₀) 0.0 0.0 –2.66
Note: Negative sign indicates compressive stress

Fig. 3. Geometry of the prestressed 
cylindrical component

Conclusion
As a result of the conducted research, it was determined that thermal stresses and associated deformations 

developing on the inner surface of prestressed components under critical temperature conditions exert a sig-
nificant influence on the operational reliability and structural integrity of these parts. The findings obtained 
through comprehensive analytical and mathematical modeling revealed that non-uniform temperature distri-
butions on the inner surface lead to the formation of localized thermal stress concentrations.

These stresses, induced solely by thermal gradients, were shown to exceed the levels typically generated 
by mechanical loading alone. Under high-temperature exposure, the material experiences increased internal 
energy, which in turn causes localized yielding, thermal softening, and in some cases, embrittlement of the 
surface layer. Once the thermal stresses surpass the yield strength or approach the brittleness threshold of the 
material, permanent plastic deformations occur and surface-initiated cracks begin to develop.

This degradation process poses a critical threat to the performance and service life of the component, 
particularly in high-temperature or cyclic thermal environments. Therefore, understanding the thermoelastic 
behavior and identifying the thresholds for critical stress states are essential for the design and safe operation 
of prestressed structures subjected to elevated thermal loads.

The study demonstrated that under critical temperature conditions, hazardous thermal stresses develop on 
the inner surface of prestressed components, which may ultimately lead to a compromise in their structural 
strength and reliability. These thermally induced stresses, often exceeding the material’s elastic limit, con-
tribute to the initiation of failure mechanisms such as plastic deformation, microcracking, and delamination, 
particularly in regions with stress concentrations or geometric discontinuities.
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Therefore, it becomes imperative that during the design and manufacturing stages of prestressed parts, 
particular attention must be given to ensuring an optimal distribution of both thermal and mechanical loads. 
This can be achieved through a combination of constructive design strategies, such as geometrical optimiza-
tion and the inclusion of thermal compensation features, and technological measures, including controlled 
heat treatment, surface strengthening techniques, and material selection based on thermal compatibility.

The mathematical models and analytical approaches proposed in this study, formulated based on realistic 
boundary conditions, offer a reliable framework for the precise evaluation of both normal and contact stress-
es at the critical contact interfaces. By employing these methods, engineers can define allowable stress limits 
with higher accuracy and ensure safe operation of components within their thermal and mechanical capacity 
under service conditions.

Consequently, to mitigate the adverse effects of critical temperature regimes on the inner surface of pre-
stressed components, it is essential to implement the following measures:

•	 Optimization of material selection by ensuring that the thermophysical and mechanical properties are 
well-suited to the operational conditions and loading requirements;

•	 Improvement of surface technological processing to increase dimensional accuracy and minimize 
microdefects that may act as stress concentrators;

•	 Effective management of thermal regimes, including the application of advanced cooling systems to 
control temperature gradients and reduce thermal fatigue;

•	 Implementation of constructive design solutions aimed at reducing stress concentrations and distrib-
uting internal tensions more uniformly.

This study contributes to advancing the reliability, service life, and technical safety indicators of pre-
stressed components. By integrating these measures into the design and manufacturing process, the research 
supports the development of more durable and resilient next-generation products capable of operating under 
severe thermal and mechanical environments.
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